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1. Families of Hodge Structures

Definition 1. Let V be a finite dimensional real vector space. A Hodge Structure
of weight n on V is a decomposition

VC = ⊕p+q=nV (p,q)
C

with V
(p,q)
C = V

(q,p)
C . We define Hodge numbers h(p,q) := dimC V

(p,q)
C .

Remark 1. A Hodge Structure of weight n is also determined by its Hodge filtra-
tion F pVC = ⊕p′≥pV (p′,n−p′).

Example 1.1. Here are some examples of how Hodge structures arise:

(1) V = R2d. If we give V the structure of a complex vector space (i.e. a map
of R-algebras C→ End(V )), then VC decomposes into conjugate subspaces

VC = V
(−1,0)
C ⊕ V (0,−1)

C

where z ∈ C acts by z and z, respectively. Conversely, given a decomposi-
tion of VC into conjugate subspaces we get a unique map C→ End(V ) with
this property, thus real Hodge structures on V of weight −1 with Hodge
numbers h(−1,0) = h(0,−1) = d are in 1-1 correspondence with complex
structures on V .

(2) If X is a smooth complex projective variety (i.e. a closed complex submani-
fold of projective space), then V = Hk(X,R) has a natural Hodge structure
of weight k given by

Hk(X,R)C ∼= Hk(X,C) = ⊕V (p,q)
C

where V
(p,q)
C is the subspace of Hk(X,C) spanned by closed k-forms of

type (p, q) (i.e. with p holomorphic differentials and q antiholomorphic
differentials). This is the main result of classical Hodge theory for complex
manifolds.
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The Hodge structures appearing in the second example linearize a large amount
of information about the variety X – for example, smooth projective curves and
abelian varieties are determined completely by the (integral, i.e. where we start
with a Z-module instead of a real vector space) Hodge structures on H1.

This suggests that as a first approximation to studying families of varieties, we
can study families of Hodge structures. Indeed:

Definition 2. Let S be a simply connected complex manifold. An analytic family
of Hodge structures of weight n on S is a real vector space V and, for each s ∈ S,
a Hodge structure Vs with underlying vector space V for each s ∈ S such that
the Hodge numbers are constant and the map S → FlagVC, s 7→ F •

s (the Hodge
filtration attached to the Hodge structure Vs) is analytic.

Remark 2. For a non simply connected complex manifold we defined an analytic
family with a local system, and require that the pullback to the universal cover be
analytic in the above sense (this is a local property).

Theorem 1.1. Let S be simply connected and let π : X → S be a submersive map
of complex manifolds with smooth projective fibers Xs. Then, Hk(Xs) is constant,
and forms a family of Hodge structures over U . Furthermore, it satisfies Griffiths
transversality, which says that if s is a section of F pV over U , then ∂vs is in F p−1V
(where F is the Hodge filtration).

Remark 3. Griffiths transversality tells you, for example, that certain families of
Hodge structures must be constant.

An analytic family satisfying Griffiths transversality will be called a Variation of
Hodge Structure on V (again we should really allow local systems). Studying VHS
replaces the study of families of projective varieties with a purely analytic problem
(actually there is one more property we should require - namely polarizability, but
I’ll get to that...).

Example 1.2. Let H be the upper half plane and let E/H be the family of elliptic
curves defined by taking C×H and modding out by the following action of Z2 on
C×H/H:

(n1, n2) · (z, τ) = (z + (n1τ + n2), τ).

The fiber Eτ over a point τ ∈ H is just the elliptic curve defined by the lattice
< τ, 1 >. The homology groups H1(Eτ ,R) are constant via taking as basis [eτ ] a
path from 0 to τ and [e1] a path from 0 to 1. If we take the dual basis e∗τ , e

∗
1 for

the cohomology H1(Eτ ,R), then in that basis we have [dz] = τ · e∗τ + 1 · e∗1 (via
integrating dz along those paths), and thus F 1H1(Eτ ,R) is spanned by the vector
(τ, 1) in that basis.

Thus, the map H → FlagVC = P1(C) is given by τ 7→ [τ : 1], which is analytic,
so this is an analytic family.

The Griffiths transversality condition is trivially satisfied for these Hodge num-
bers, thus it is a VHS.

2. Hermitian Symmetric Domains

Definition 3. A Hermitian symmetric space is a connected complex manifold M
with a Hermitian metric ψ such that the isometry group acts transitively and for
each point p ∈ M there exists an isometry acting by −1 on TpM (equivalently an
isometry of order 2 such that p is an isolated fixed point).
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A Hermitian symmetric domain is a Hermitian symmetric space with negative
sectional curvature.

Example 2.1. The upper half plane with its standard hyperbolic metric is a Her-
mitian symmetric domain with isometry group PSL2(R) acting by linear fractional
transformation. (z 7→ −1/z is an involution with isolated fixed point i).

Theorem 2.1. Let X be a Hermitian symmetric domain, and let G0 be the con-
nected component of its holomorphic isometry group. Then G0 acts transitively on
X and the stabilizer of any point is a maximal compact K. Thus, G0/K ∼= X.

In the upper half plane example, H = SL2(R)/SO2(R).
For us, the key point of this theorem is that although not every G/K will be a

Hermitian symmetric space, we can characterize those that are in terms of proper-
ties of the pair (G,K).

3. Parameter Spaces for Hodge Structures

In order, to connect these two concepts, we must return to our definition of a
Hodge structure. Recall that to give a Hodge structure on V = R2d of weight
1 with h(−1,0) = h(0,−1) = 1 was the same as to give a complex structure on V ,
that is a map C → End(V ), where the Hodge decomposition on VC corresponds
to the splitting of VC into characters of C ⊗R C. Instead we can restrict to C×

inside, and say that such a Hodge structure is equivalent to a representation of C×

on V with only the characters z and z appearing (in VC). Analogously, to give a
Hodge structure of weight n on any real vector space V is the same as to give a
(algebraic) representation C× → GL(V ); the decomposition VC = ⊕V (p,q) is the
decomposition into eigenspaces for the characters of C×, with C× acting by z−pz−q

on V (p,q) (algebraic implies that only these characters appear; the negative sign is
a well-reasoned convention).

Now, recall our family of Hodge structures parameterized by H, where τ corre-
sponded to the Hodge structure of weight 1 whose (1, 0) part was the line [τ, 1] ∈ C2.
By the above analysis, such a Hodge structure is equivalent to giving a represen-
tation hτ : C× → GL(V ); thus we replace our family of Hodge structures with a
family of representations. Now, observe that any two of these hτ are conjugate in
GL(V )+ (the connected component), and in fact form a conjugacy class X. This
conjugation action is the same as the action of GL(V )+ on H, i.e. hgτ = ghτg

−1.
If we denote by K the stabilizer of hi, we thus obtain the description of this family
as X = GL(V )+/K = GL2(R)+/R× · SO2(R) = H. The properties that make this
a VHS are encoded into the pair (G,X).

This phrasing lends itself to a massive generalization of our example –
If we have an algebraic groupG/R and a conjugacy classX of maps h : C× → GR,

then for any representation ρ of GR on a real vector space V we get a family of
Hodge structures on X corresponding to the compositions ρ ◦ h for h ∈ X. (We
should think of G as standing for some set of symmetries that the Hodge structures
appearing must have; for example if G is the group of similitudes of some bilinear
form ψ then the Hodge structures will be respect that pairing ψ). Now, X = G/K
has a natural structure of a smooth manifold and for any V as above we get a
natural family of Hodge structures, and different properties of the pair (G,X)
will determine whether these families are VHS or not (or polarizable or not). For
example, Griffiths transversality will correspond to the a statement about the type
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of the adjoint representation of h ∈ X on the Lie algebra of g; polarizability will
be equivalent to h(i) inducing a Cartan involution for h ∈ X. In particular, for
the X such that the family of Hodge structures ”looks like” an algebraic family,
we will be able to deduce enough properties about G and X to conclude that the
connected components of X are Hermitian symmetric domains. Conversely, it can
also be shown that any Hermitian symmetric domain will arise this way.


